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Nonlinear Fluid Slosh Coupled to the Dynamics of a Spacecraft

Lee D. Peterson*
Sandia National Laboratories, Albuquerque, New Mexico

and
Edward F. Crawley* and R. John Hansmanf

Massachusetts Institute of Technology, Cambridge, Massachusetts

The dynamics of a linear spacecraft mode coupled to the nonlinear low-gravity slosh of a fluid in a cylindrical
tank is investigated. Coupled, nonlinear equations of motion for the fluid-spacecraft system are derived through an
assumed mode Lagrangian method. Unlike a linear model, this nonlinear model retains two fundamental slosh
modes and three secondary slosh modes. An approximate perturbation solution of the equations of motion indicates
that the nonlinear coupled system response involves fluid-spacecraft modal resonances not predicted by either a
linear, or a nonlinear, uncoupled slosh analysis. An experiment was developed to verify and complement this
analysis. Scale model fluid tanks were coupled to an electromechanical analog for the second-order oscillatory
spacecraft mode. Moderate and low gravity were simulated in 1 g using capillary scale models, and zero gravity was
simulated in parabolic flight tests on the NASA KC-135 Reduced Gravity Test Facility. The experimental results
substantiated the analytical predictions. The dependence of the coupled nonlinear response on the coupled system
parameters and the gravity level is illustrated and discussed.

Introduction

DURING the formulation of a spacecraft dynamic model,
it is frequently assumed that the action of particular

nonlinear subsystems can be accurately represented by lin-
earized models. The slosh of a fluid mass contained within
tanks aboard the spacecraft is one such subsystem. Although
fluid slosh is intrinsically nonlinear, linear representations of
the slosh, whether analytical or experimental, are often used
to predict the resulting coupled fluid-spacecraft motion. The
literature reports a variety of practical techniques for formu-
lating such linear slosh models.1'10

All linear analyses share a common presumption that the
slosh motion of the fluid free surface is much smaller than the
dimension of the container. Therefore, a linear coupled fluid-
spacecraft model will remain valid so long as either the
external disturbances are small or the spacecraft and slosh
natural frequencies are well separated. It may not be possible
to satisfy both requirements within the constraints of a design,
even with propellant management devices such as baffles and
bladders. Consequently, it may be necessary to assess the
linearity of the slosh model to qualify the spacecraft dynamic
model.

Most experience with nonlinear slosh is limited to the
response of the fluid to a prescribed motion of the container.
Such uncoupled slosh behavior has been extensively investi-
gated in the limit of high gravity. n~14- 21~22 The high-gravity
slosh motion generated by lateral motion of the tank will
depend on the slosh wave amplitude. At intermediate ampli-
tudes, the slosh resembles (for most fluid depths) a softening
nonlinear spring: the natural frequency decreases with ampli-
tude of the motion. At large amplitudes, more complex
harmonic motion of the fluid is observed. A prescribed lateral
translation of the tank no longer produces only lateral, unidi-

Presented as Paper 88-2470 at the AIAA SDM Issues of the
International Space Station Conference, Williamsburg, VA, April
21-22, 1988; received April 21, 1988; revision received Dec. 19, 1988.
Copyright © 1989 American Institute of Aeronautics and Astronau-
tics, Inc. All rights reserved.

*Member Technical Staff, Applied Mechanics Division 1524. Mem-
ber AIAA.

fAssociate Professor of Aeronautics and Astronautics. Member
AIAA.

rectional (planar) motion of the fluid. Transverse (nonplanar)
motion of the fluid can be excited by a nonlinear coupling to
the lateral fluid motion. The combination of lateral and
transverse fluid motions may form simple harmonic rotary
motion, multiply periodic rotary motion, and chaotic rotary
motion.14 Other analyses, which model the effects of capillar-
ity on the fluid motion and therefore are applicable at low
gravity,15 20 do not adequately discuss the effects of capillarity
on the nonlinear slosh, but complicated nonlinear motions of
the fluid are possible at all gravity levels.

While a study of the uncoupled nonlinear slosh motion
suggests the types of behavior that might be found in the fluid
subsystem of the coupled system, it is important to realize that
the uncoupled nonlinear slosh behavior may not be super-
posed onto a linear spacecraft structural behavior to deter-
mine the dynamics of the coupled fluid-spacecraft system. The
temptation to do so is based on linear thinking. A nonlinear
system embedded in a larger and otherwise linear system does
not necessarily respond as simply as the nonlinear system in
isolation. For this reason, it is essential that a coupled model
be developed to predict the spacecraft motion whenever finite
slosh motion is expected. Linear fluid models or even nonlin-
ear uncoupled fluid representations will lead to a misleading
prediction of coupled fluid-spacecraft dynamic behavior.

A few specific examples, available in the literature, such as
Refs. 23 and 24, discuss the dynamics of a fluid-structure
system in the limit of very high gravity. These studies recog-
nized that the coupled problem is fundamentally nonlinear.
However, because these previous studies considered a very
specific system, many questions remain regarding the develop-
ment and understanding of nonlinear coupled fluid-spacecraft
models. Particularly important questions in this regard are the
following:

1) For what fluid-spacecraft systems (characterized by
nondimensional parameters) will a nonlinear model of the
fluid be required?

2) When nonlinear coupled motion is anticipated, what is
the minimum content of a fluid model that will reliably
predict the coupled motion?

3) How will the nonlinear coupled motion differ from the
nonlinear uncoupled motion of the fluid alone?

This paper combines analytical and experimental results
from a representative study model to provide generalizable
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Fig. 1 Fluid-spacecraft study model investigated in this research.

answers to these questions. An analytical, nonlinear fluid
model is developed by extending the work of Miles12"14 to
include a low-gravity equilibrium free surface and by general-
izing the work of Limarchenko15"20 to include vibratory
spacecraft motion. Coupled, nonlinear equations of motion
are found that are valid to cubic order in the amplitude of the
slosh motion, Solutions of these equations for a special case
are discussed. An experiment was developed that systemati-
cally studied the nonlinear coupled motion for various fluid
mass fractions, frequency ratios, and gravity levels. The exper-
imental results verify and compliment the analytical model.

The paper is organized into five main sections. The first
section briefly introduces the study model. The second and
third sections present the analysis and the experiment. The
results of the analysis and the experiment then are presented
and discussed in the fourth section. The main points of the
paper, suggested further research, and potential applications
are summarized in the conclusion. More detailed explanations
of both the analysis and the experiment can be found in Ref.
25 and the analytical method is detailed in Ref. 26.

Study Model and Coupled System Parameters
The study model, consisting of a spring-mass-damper

spacecraft with fluid in a cylindrical tank, is conceptually
simple, yet complex enough to embody the important nonlin-
ear coupled effects (Fig. 1). A cylinder of dry mass m and
radius a = d/2 is partially filled with fluid of density p and
mass mF = npa2h. Motion of the tank in both the planar or
lateral (x) direction and the nonplanar or transverse (y)
direction are restrained by springs and dampers of strengths
kx and cx, ky and cy. The mean gravity or acceleration vector
—git is aligned with the cylinder axis and is above the critical
level necessary to collect the fluid to one end of the tank.4

Several nondimensional parameters govern the dynamics of
this system. The nondimensional inertia scaling parameter is
the mass ratio /i, the ratio of total fluid mass mF to total dry
mass m,

ILL = mF/m (1)

The nondimensional frequency scaling parameter is the fre-
quency ratio v, the ratio of the first slosh mode natural
frequency in the linear limit a)s to the tank undamped natural
frequency co0- If the spring rates in the x and y directions are
assumed equal to k, the frequency ratio is

(2)

Because any nonlinear response of the fluid-spacecraft system
will depend on the amplitude of the tank motion, it will
depend on the magnitude of the applied force Fex relative to

the spring stiffness. The applied force Fex therefore should be
normalized by the spring rate k and the tank diameter d to
give the following nondimensional force:

The fluid gravity force to capillary force ratio will deter-
mine the relative influence of the capillary forces. The usual
normalization of the capillarity of the fluid free surface gives
the Bond number Bo4

Bo = pga2/<j (4)

in which p is the fluid density and a the surface tension, and
Bo determines the equilibrium free surface shape27 and the
linear slosh frequency cos.1A Because Bo affects the basic
geometry of the flow, it will effect the linear and nonlinear
slosh modal masses and stiffnesses as well.

The damping ratios of the spacecraft mode £ and the fluid
slosh modes £qi are assumed to be light (<0.10). The ^qi will
depend on the fluid viscosity and Bo, and in general must be
determined experimentally.

Analytical Fluid-Spacecraft Model
The analytical model is presented in the following three

sections. First, the solution of the nonlinear kinematic
boundary value problem is discussed, followed by the presen-
tation of the coupled fluid-spacecraft Lagrangian and equa-
tions of motion. A solution of these equations for a special
case is also presented.

Nonlinear Description of the Fluid Kinematics
The motion of the fluid is assumed to be inviscid, irrota-

tional, and incompressible, and therefore the fluid velocity
field relative to the tank u is uniquely defined by a three-di-
mensional flow potential 0(r,0,z,f), such that u = V(/>. The
differential equation for (/> is a statement of mass conservation
for the fluid,

V 2 0 = 0 (5)

The boundary conditions on the free surface SF and the
wetted walls of the container are that the fluid velocity relative
to the tank match the boundary velocity,12'25

= — on Z=YI

—- = 0 on r = a
or

d(b
-^- = 0 on z=-hdz

(6)

(7)

(8)

in which ff(r,0,f) is the height of the free surface measured
from the mean equilibrium height of the fluid h. It can be
shown that Eqs. (7) and (8) are both special cases of Eq. (6).25

The free surface boundary condition [Eq. (6)] is the source of
the convection nonlinearity in the fluid motion.12

The solution of the Dirichlet boundary value problem given
by Eqs. (5-8) will be a unique and complete specification of
the fluid flowfield.12'25 Although there is no known exact
solution to this nonlinear boundary value problem, Miles12

showed that this problem can be solved approximately by
satisfying the first-order stationary conditions for the follow-
ing integral:

(V</>)2dF- (9)
SB

in which SB = na2 is the (r,0) cross section of the container. In
Ref. 25, it was shown that this is also true even for a curved



1232 PETERSON, CRAWLEY, AND HANSMAN AIAA JOURNAL

free surface, and therefore it can be applied to the low-gravity
case by extending the approach of Miles.12

To obtain an approximate solution to Eqs. (5-8), the
following modal expansions are introduced for the fluid flow
potential </> and the free surface motion rj:

=f(r,9) ( I D

where TV is the number of assumed modes. At this point, TV is
considered to be arbitrarily large but will later be fixed to a
finite number of assumed fluid modes. The free surface equi-
librium shape f(r,9) is a function of Bo and the fluid-container
contact angle a.4 In the limit of very large gravity, Bo -> oo,
the equilibrium free surface is flat, and/->0. For arbitrary
Bo, f(r,9) must be calculated numerically.27 The kn are the
radial wave numbers for the \jin mode shapes of the internal
fluid flow given by the solution to the following eigenvalue
problem:

25 and 26. Physically, they are generalized nonlinear correc-
tions to the modal wavelength. It is interesting to note that
the (j)m are generalized speeds for the fluid motion and Eq.
(18) is a nonlinear kinematic equation for the fluid motion
derived from the boundary conditions of the flow.

System Lagrangian and Equations of Motion
Using the kinematic description of Eq. (18), a coupled

system Lagrangian can be constructed in terms of the fluid
generalized coordinates qn(n = 1,2,..., TV). The fluid kinetic en-
ergy is the volume integral of the absolute velocity of the fluid
particles x times the mass density p,

(19)

in which R = xi + yj, the coordinates of the tank in inertial
space. Expanding the dot product, employing Green's Theo-
rem to reduce the volume integral to a surface integral,
substituting the modal expansion [Eq. (10)] and the kinemat-
ics [Eq. (18)], and truncating to terms of order (qn)4 results in
the following expression for TF

25:
on (12)

dr
= 0 on r = a

'/$: <1SB = (

(13)

(14)

SB

The £„ free surface mode shapes satisfy a similar eigenvalue
problem,

f .+*»^=0 on 5fl

=3 ^>nor a
on r = a

(15)

(16)

(17)

in which F is a linear contact angle hysteresis constant.4-9

Note that, except in the case F = 0, i//n and £n will not be
equal. These particular modal expansions [Eqs. (11) and (10)]
satisfy Eqs. (5), (7), and (8) identically. They also encompass
not only circular cylindrical tank cross sections with flat
bottoms but also arbitrary cross section shapes, so long as the
walls are vertical, and arbitrary bottom shapes, if the devia-
tion from a flat bottom is much less than the total depth of
the fluid h. A further refinement could be made by restricting
the £n to satisfy the boundary condition given by a lineariza-
tion of Eq. (6). In general, these must be calculated numeri-
cally via one of the existing linear analysis methods.4'6"8

Proceeding as in Miles,12 the above expansions for rj and (/>
are substituted into the variational statement, Eq. (9). After
considerable algebra (detailed in Ref. 25), the potential gener-
alized coordinates </>„ are related to the free surface general-
ized coordinates qn by the following nonlinear relation:

• = I + I Z , + I I I '2U,9,&,
(18)

n= 1 r= 1 s= 1

plus terms of higher than cubic order in the free surface
displacement. This equation is an approximate solution to the
nonlinear boundary value (kinematic) problem [Eq. (6)] and,
through Eq. (10), expresses the motion of the fluid relative to
the tank in terms of the generalized coordinates qn. The
coefficients «f£>, /^r, and ^^nrs are complicated functions of
integrals of the assumed mode shapes and are given in Refs.

m = 1 n — 1

AT TV TV

m= 1 «= 1 r= I

N N N N

* L~i LJ sLi L~t
m=1„=1r=1s=1

N
V

SB

a^nrArqsqmqn

N ff \
I 9n U^sinfldsJ

« = 1 JJ /
(20)

The first term is the kinetic energy for the fluid moving as a
solid mass. The second, third, and fourth terms are the linear,
quadratic, and cubic slosh mass terms. The amn coefficients,
which are complicated functions of the kinematic integrals of
the assumed mode shapes,25'26 form the "equivalent slosh
depth" matrix, which determines the equivalent height of fluid
participating in the motion of the mn modal motion. The last
two terms in Eq. (20) result from cross terms in the expansion
of the dot product in Eq. (19). They are the coupling between
the motion of the tank and the motion of the fluid inside.
Note that, for this case, in which the tank translates but does
not rotate, these terms are quadratic, and therefore the equa-
tions of motion will be linearly coupled. As noted in Ref. 25,
this is not the case if pitching motion were included. It also
should be noted that this expression for TF reduces to that of
Miles12 when the free surface is flat (/=0).

The potential energy of the fluid has two components. The
first, due to the action of gravity, is given by

pgzdV =
pgSB (21)

The other contribution to the fluid potential energy is the
surface tension energy, which, for constant surface tension a

dSB (22)
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Table 1 Assumed Bessel function fluid mode shapes for the analytical fluid-spacecraft model

Modal
index

1
2
3
4
5

Name

Planar primary
Nonplanar primary
Axisymmetric secondary
Planar secondary
Nonplanar secondary

Order \l/f

e AnJi(kur) cos(0)
€ AllJl(knr) sin(0)
e2 AolJ0(kolr)
e2 A2lJ2(k2lr) cos(26)
e2 A2lJ2(k2lr) sin(20)

{'
B\\J\(^\\r) cos(9)
B\\J\(^\\r} sm(6)

B()lJ()(}iolr)
B2lJ2(l2lr) cos(26)
B2lJ2(l2lr) sm(29]

Nodal
diam

1
1
0
2
2

Substituting the modal expansion [Eq. (11)] into this expres-
sion and again keeping only terms of order (qn)4 or less results
in

I I I S$ <?<<
1 = 1 7 = 1 fc = 1

JV TV TV N

I E E I (23)

The Sjj are coefficients in a Taylor series expansion for
the instantaneous free surface area.25'26 When / = 0, the
above coefficients reduce to analogous terms derived by
Limarchenko.15-18 The cubic coefficients S$ are not present in
Limarchenko's derivation, primarily because of the perturba-
tion there about a flat free surface equilibrium shape. As a
consequence, the Limarchenko equations of motion exclude
very important cubic coupling terms, which are included in
this derivation.

While the above energy expressions are valid for any num-
ber of generalized coordinates, a proper analytical model need
only include enough modes to predict the correct nature of the
nonlinear response. In this analysis, five fluid modes are
retained in the fluid representation, as also done by Miles.13'14

Table 1 lists the definitions of these assumed mode shapes.
The first two modes are termed primary modes and corre-
spond to ql and q2. The generalized coordinate qv corre-
sponds to the eigenmode for cos(0), the planar primary fluid
mode, and q2 corresponds to the eigenmode for sin(0), the
transverse or nonplanar primary fluid mode. Superposition of
ql and q2 produces rotary motion in the fluid. Only the first
three higher-frequency modes are retained: #3, #4, and q5.
These higher-order modes are termed secondary modes. The
mode shape for q3 is axisymmetric, that for q4 corresponds to
cos(20), and that for qs corresponds to sin(20).

These modes have been chosen by truncating the modal
expansions to include only modes that significantly affect the
nonlinear equations of motion. To do this, a perturbation
parameter e is introduced that has a magnitude of the order of
the motion of the tank and therefore can be based on the
magnitude of the applied force Eex. For impulsive excitation,
e will be such that Eex = ed(t). For harmonic resonant excita-
tion, 6 will be such that Eex = €3 cos(QO-

Using the assumed perturbation parameter e, the impor-
tance of the fluid modes to the motion can be compared. For
systems with frequency ratios v near 1, the fluid motion in the
first fluid mode ql will be of order e. If transverse (nonplanar)
fluid motion is excited, the nonplanar fluid mode q2 will also
be of order e. All other fluid modes will be of order e2 or less.
Following an argument first presented by Miles,13 modal
coordinates that contribute terms of order e3 or less to the
equations of motion must be retained. This does not imply
that the fluid modes of order e2 can be ignored in the modal
expansion. Modal coordinates of order e2 can multiply modal
coordinates of order e to produce cubic order forces in the
equations of motion. In fact, as previously discussed in Refs.
11-14, higher-order fluid modes must always be retained to
predict the nonlinear response of the first-order modes prop-

erly. As noted in Ref. 25, an assumed mode model that
includes only the first-order mode ql predicts a fluid vibration
frequency that increases with amplitude rather than decreases,
as is observed experimentally. Therefore, retaining higher-or-
der modes is necessary not only quantitatively but also quali-
tatively. As noted before by Miles,13 all order e2 modes other
than #3, #4, and q5 will either not couple to the cubic order
motion of the primary modes or will have dynamic coefficients
numerically much smaller than those for the secondary modes
retained in this model.

For this set of assumed modes, the fully coupled, cubic
order nonlinear Lagrangian for the fluid-spacecraft motion

L = \mF(x2 + y2} + m^xq^ + my yq2

2 2 5

+ Z Z Z

2 2 2 2

+ Z Z Z Z a(mnrsqrqsqmqn
7 = 1 n= 1 r=1 s= 1

5 5

E E E

in which the coupling coefficients are

"-"If*1
SB

r cos# sin# dSK

(24)

(25)

Seven nonlinear equations of motion result from this Lagran-
gian for the fluid-spacecraft degrees of freedom, x, y, q\, q2,
#3, #4, and qs. Solutions of these equations are, in general,
very complicated and the subject of current research. A
substantially simpler special case can be found from consider-
ing the motion of the fluid-spacecraft system below the ampli-
tude necessary to generate nonplanar motion. Because the
excitation Fex is only in the planar (x) direction, the coupled
motion at infinitesimal (linear) amplitudes will remain planar.
The nonlinear departure from the linear motion at intermedi-
ate amplitudes will likewise remain planar. In this case, the
nonplanar fluid mode q2 and the nonplanar spacecraft degree
of freedom y are zero. Furthermore, the third secondary fluid
mode q5 no longer participates in the motion. By applying
Lagrange's equations to the resulting form of Eq. (24), the
following set of equations of motion are found, which apply
so long as the fluid slosh motion is completely planar:

Spacecraft motion:

+ x = Eex (26)
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Primary fluid mode:

——
V-xq

Axisymmetric secondary fluid mode:

fi33(q3 + 2£93 v303 + vlq3) + (a311 - ia1

Planar secondary fluid mode:

1*44(44 + ZC^v^ + vfo4) + («411 - saiuW i

(27)

(28)

(29)

These equations have been scaled so that displacements are in
units of tank diamater d, time is in units of spring-mass
periods l/cos. Surface tension a has been properly scaled in
terms of Bo, and the expression for cos has been used to scale
gravity g. The coefficients a^a^ are nondimensional versions
of the amn ; similarly, the /? are nondimensional versions of the
S coefficients in Uff. The /jlV and vf are nondimensional inertia
and frequencies for the secondary modes.

One approximate solution of these equations that is near
the linear solution can be found through application of the
multiple time scales perturbation technique.28 In this method,
the generalized coordinates are expanded in the following
perturbation series:

(30)

in which the independent time scales are Tt = e lt. The substi-
tution of these perturbations into the equations of motion
results in first-, second-, and third-order perturbation equa-
tions that are then solved in sequence. These are detailed in
Ref. 25.

The most important intuitive result of this perturbation
solution concerns the role of the secondary fluid modes in the
coupled motion. As expected from a linear analysis, x and q^
couple together to form two fluid- spacecraft eigenmodes, with
eigenfrequencies vl and v2. However, the motion of these
fluid-spacecraft eigenmodes are nonlinearly coupled to not
only ql but also the secondary modes #3 and q4. In fact,
resonances between the fluid-spacecraft eigenmodes and #3
and q4 determine the nonlinear corrections to vl and v2. They
also lead to singular conditions of the analytical model for
certain eigenfrequencies. These can occur when a secondary

fluid modal frequency (either v3 or v4) coincides with twice
either eigenfrequency (2vl or 2v2), with the sum of the
eigenfrequencies (v1 4- v2), or with the difference of the eigen-
frequencies (vl — v2). This greatly contrasts with the nonlinear
uncoupled motion of the fluid. As discussed by Miles,13'14

internal resonance singularities between the uncoupled pri-
mary fluid modes and the secondary fluid modes occur only
for a very shallow quiescent depth h. For the coupled fluid-
spacecraft system, however, these internal resonances can
develop at any fluid depth and depend on the fluid-spacecraft
eigenfrequencies V! and v2. They therefore depend on the
coupled fluid-spacecraft parameters #, v, and Bo.

Experimental Investigation
The experimental objectives of this research were to provide

quantitative confirmation of the restricted planar analytical
model developed above and to provide qualitative evidence of
how the coupled fluid-spacecraft system behaves when the
fluid is allowed to execute nonplanar motion. An experimental
model of the study model system was developed in which the
motion of the spacecraft was restricted to the planar (x)
direction, but the fluid was allowed general planar and non-
planar motion. The nonlinear response of dynamically similar
scale model fluid spacecraft systems were characterized as a
function of nondimensional excitation Eex. The coupled sys-
tem mass ratio /i, frequency ratio v, and the Bond number Bo,
were systematically varied so as to generate experimental test
data that demonstrated the parametric effects on the observed
nonlinear coupled motions and that could be compared to the
analytical model. The fluid height h was kept equal to the
tank diameter d.

Low Bond numbers were achieved using small containers9

in 1 g and similar scale models in 0 g in parabolic flight tests,
as shown in Table 2. Bond numbers of 33 and 58 were
obtained in 1 g using water as a modeling fluid in 3.1 and
4.1 cm diameter Pyrex glass tanks. Because previous investiga-
tions4'9 have noted difficulty predicting the natural frequency
of water in glass due to a particularly high contact line
hysteresis level F, a series of test results were obtained in 1 g
using a 2% photoflo-water solution in a 3.1 cm diameter
Pyrex glass. Photoflo is a surfacant that reduces a by a factor
of two, giving a Bond number of 66. In addition, photoflo
reduces the fluid-container contact angle a to zero and reduces
the contact angle hysteresis constant F to zero. Bond numbers
less than 20-30 cannot be modeled in 1 g because the slosh
damping becomes unacceptably high.9 For this reason, a
Bond number of zero was obtained in 0 g parabolic flight tests
on the NASA KC-135 Reduced Gravity Test Facility. Typical
rms gravity levels of 0.01 g for periods of 20-25 s are main-
tained in this facility. Because of the gravity settling time, the
transient impulse response tests were more successful and
more efficient in Og than harmonic resonance tests in 0 g.

The use of small-scale fluid model tanks required the devel-
opment of a unique experimental apparatus to generate a
coupled fluid-spacecraft system. This apparatus, called a com-
pliant actuator, is discussed in detail in Ref. 25 and is briefly
described here (Fig. 2). The model fluid tank was supported
by a sensitive deterministic force reaction balance that mea-

Table 2 Simulated Bond numbers studied in this research with identified linear limit
slosh frequencies, damping ratios, and hysteresis constants

Fluid dynamic test condition
Identified planar slosh

mode parameters

Fluid Bo co5/27i,Hz

3.1
4.1
3.1
4.1

1.0
1.0
1.0
0.01

Photoflo
Water
Water
Water

66
58
33
-0

5.43
5.28
6.65
2.05

3.49
4.20
4.64

22.8

0
-5.0
-7.8
-9.8
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Model Tank

Reaction
Slosh Force

Spacecraft
Mode

Simulator Desired x(t)
Servo j

x

Fig. 2 Component block diagram of the compliant actuator spacecraft
mode simulator.

sured three support forces eccentric to the center of mass at
120deg intervals. In the "force resolver," the force compo-
nents in the horizontal plane (Fx,Fy,Mz) were resolved by an
analog electronic matrix transformation of the transducer
force signals. In the "dry mass compensator," the dry mass
inertia force contributions were removed electronically by
addition of a signal equal to the measured acceleration of the
tank support times the known system dry mass. After remov-
ing the dry mass inertia force from the measurement, only the
reaction slosh forces Fxs and Fys remained. The reaction slosh
force measurement in the planar direction Fxs served as the
input to the analog computer ("spacecraft mode simulator"),
which solved the differential equation for the spacecraft
motion,

mx -f ex 4- kx = Fex + FXi (31)

The excitation force Fex was provided by an electronic wave-
form generator. The output of the analog computer, a voltage
proportional to the spacecraft motion x, drove the motion of
the tank through a servoshaker system. Using this system to
simulate and drive the model tank lateral motion, the fluid
slosh was coupled to the motion of the tank. By adjusting the
feedback gains in the analog computer, the simulated space-
craft modal mass, damping, and frequency could be adjusted
independently. This method greatly increased the experimen-
tal fluid mass fractions that were possible and enabled precise
adjustment of the spacecraft modal dynamics.

For each of the 4 Bond numbers simulated in this research,
a total of 11 different scaled coupled systems were studied,
each characterized by a particular combination of //, v, and f.
Mass ratios between 0.12 and 0.41 were studied at frequency
ratios near 0.80, 1.0, and 1.2 times the frequency ratio pre-
dicted to produce the closest tuning in the eigenfrequencies for
the particular mass ratio. For each of these 44 different
systems, impulsive free decays were studied at three values of
excitation Eex. Resonance response sweeps at five different
amplitudes of Eex were generated for the coupled systems with
\JL =0.16 and 0.41 at each of the four Bo levels.

Analytical and Experimental Results
The analytical and experimental results of this research are

presented in three subsections. In the first, the uncoupled
response of the fluid to prescribed lateral motion of the tank
is briefly presented. The second introduces and generalizes the
important analytical and experimental results of this research.
The third presents typical experimental and analytical results
that illustrate the important characteristics of nonlinear
coupled fluid-spacecraft motion.

Uncoupled Response of the Fluid to Prescribed Motion of the Tank
While experimental observations of the uncoupled fluid

response have been extensively reported in the literature,1'11 it
is important to document the behavior for the combinations
of fluids and Bond numbers used in this research. The uncou-
pled slosh behavior as a basis for discussing the nonlinear
coupled response. Particularly unique aspects of this experi-
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Fig. 3 Uncoupled fluid resonance for Bo = 66, photoflo test condition
and lateral harmonic motion of x/d = 0.0270. Three types of nonlinear
fluid motion are observed.

mental data not presented before are the observation of
capillary effects on the nonlinear motion and the measure-
ment of the nonplanar slosh force Fys as well as the usually
observed planar slosh force Fxs.

The principal observations of the uncoupled fluid response
made in this research are the following:

1) As expected, a linear model of the fluid slosh is very
precise at very low slosh wave amplitudes. Linear slosh
parameters were identified for incorporation into the nonlin-
ear analytical model and are listed in Table 2.

2) At moderate amplitudes, the natural frequency of the
slosh decreases with amplitude of the motion.

3) At large amplitudes, several resonant slosh motions are
possible, as described in the existing literature.

4) As the Bond number is decreased, the uncoupled slosh
motion becomes more nonlinear and more strongly linked to
the motion of the higher-frequency secondary modes.

5) The Og zero Bond number uncoupled parabolic flight
test data demonstrated a strong correlation between the natu-
ral frequency of the slosh motion and the measured transient
gravity level.

Figure 3 presents a typical, large amplitude, reaction slosh
force resonance curve for the uncoupled fluid response for the
photoflo, Bo — 66 test condition. In this example, the tank is
harmonically excited at a constant amplitude of 0.0270 tank
diameters. Below the natural slosh frequency (A), the fluid
moves only in a planar motion and the nodal diameter line of
the free surface motion is perpendicular to the motion of the
tank. Only Fxs is nonzero in this region. Just below the
natural slosh frequency (at A), higher harmonics in the
reaction slosh force (indicating the excitation of the secondary
fluid modes) become strong, and nonplanar motion of the
fluid becomes unstable (Fys becomes nonzero). In this narrow
region of excitation frequency, the type of motion is desig-
nated periodically modulated nonplanar resonance (PMNR).
In PMNR, the nodal diameter line of the slosh motion is no
longer perpendicular to the motion of the tank, but oscillates
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both clockwise and counterclockwise in multiples of the exci-
tation frequency. Miles14 indicated that chaotic motions of the
node line are possible in this region, but this was not ob-
served. At a distinct frequency (B), the nonplanar motion of
the fluid becomes harmonic, and the fluid begins to rotate.
This motion is designated harmonic nonplanar resonance
(HNR). In HNR, Fxs and Fys are approximately equal in
magnitude and differ in phase by 90 deg. As the excitation
frequency passes another critical frequency (C), the nonplanar
motion jumps back to a purely planar motion. (The nonpla-
nar reaction slosh force measured above C is experimental
error.) When the excitation frequency is swept down from
above the resonance, HNR begins at a slightly lower fre-
quency (D) than it ended for the sweep up, demonstrating a
hysteresis in the resonance jump, as is often characteristic of
a nonlinear system. It is important to realize that the absolute
value of the phase of Fys is different during HNR in the sweep
up and the sweep down. In both cases, the phase with respect
to Fxs is approximately 90 deg, but one motion corresponds to
clockwise rotation of the fluid and one to counterclockwise
rotation of the fluid. The different directions of rotation are
dynamically equivalent, and both are equally possible. In fact,
it was observed experimentally that there was little or no
preference for the direction of fluid rotation during HNR.
Furthermore, the directions of rotation were not always
different in different resonance tests of the same fluid-tank
combination.
General Observations of the Coupled Fluid-Spacecraft Response

With the preceding discussion of the nonlinear uncoupled
fluid slosh behavior as necessary background, the important
observations about the nonlinear coupled fluid-spacecraft
motion will now be highlighted. The principal conclusions
supported by the analysis and experiment of this research
concerning the coupled fluid-spacecraft dynamics are the
following:

1) The motion of an otherwise linear spacecraft mode,
when coupled to the motion of a contained sloshing fluid, can
exhibit strongly nonlinear dynamics when the frequency of the
slosh motion and the spacecraft mode nearly coincide.

2) The nonlinear coupled fluid-spacecraft motion can be
predicted only by a coupled analytical model. A linear cou-
pled model or a nonlinear uncoupled fluid model will predict
motion completely unlike what is observed experimentally.

3) The coupled nonlinear fluid-spacecraft motion exhibits
types of resonance motions not found in the uncoupled
nonlinear motion of the fluid. Superposition does not apply
for a nonlinear system even when part of the system is linear.
Uncoupled nonlinear models of the fluid slosh that neglect the
important internal resonance effects will not correctly predict
these new types of motions.

4) Convection nonlinearities are important at all Bond
numbers, but capillary nonlinear effects on the coupled non-
linear fluid-spacecraft motion must be modeled for Bond
numbers as high as 60-100.

5) The nonlinearity in the coupled fluid-spacecraft system
is strongest for coupled systems with frequency ratios v of
0.6-1.2 and for coupled systems with mass ratios \i of 0.1-0.2.
The coupled nonlinear response will be strongest when a
linear coupled model predicts the closest linear eigenfrequen-
cies v t and v2.

These observations are further elaborated in the remainder
of this subsection and are illustrated by typical quantitative
results in the next.

As expected, the response to very low levels of excitation of
all the coupled systems tested in this research were very
accurately modeled using a linearized model of the fluid. The
extent of motions that could be accurately modeled as linear,
however, was very limited. This departure from the prediction
of a linear model will be discussed using first the impulsive
free decay nonlinear coupled behavior and then the resonance
nonlinear coupled behavior.

At the beginning of the free decays, the fluid-spacecraft
natural frequencies are shifted from their linear values in
proportion to the square of the amplitude of the initial
condition. Such decreasing frequency with amplitude is usu-
ally termed softening nonlinear behavior, even though in this
system the physical mechanisms responsible for the frequency
shift are more complicated than that of a simple nonlinear
softening spring. The observed frequency shifts were very
large. Coupled fluid-spacecraft systems with initial spacecraft
modal displacements of 0.02 tank diameters had eigenfrequen-
cies which were 10% less than the linearly predicted values.
This effect will be exaggerated in a full-scale system with
lighter slosh damping ratio £qL

The coupled fluid-spacecraft natural frequencies also
change during the free decay. As the motion amplitude decays
due to damping, the vibration eigenfrequencies approach their
linearized values. The time constant of the eigenfrequency
shift was half that of the damping time constant, confirming
that the nonlinear vibration frequencies differ from the linear
values in proportion to the square of the amplitude of the
motion.

Simple nonlinear softening behavior was not always ob-
served. Coupled systems near one of the internal secondary
fluid mode resonances (discussed above) exhibited an appar-
ent saturation phenomenon for which the eigenfrequencies
cease to depend on the amplitude of the motion above a
certain value. The motion of such systems could be modeled
only by considering the secondary modes to be of order e
instead of e2 as assumed above. Furthermore, the analytical
model predicts that, just as in uncoupled nonlinear slosh,14 the
system eigenfrequencies decrease or increase with amplitude
of the motion depending on the resonance of the secondary
modes. In fact, the resonance of the secondary modes (espe-
cially at low Bo) is so prevalent for any fluid depth in the
coupled systems, whether the system eigenfrequencies increase
or decrease with amplitude can change simply by perturbing
the frequency ratio v by a few percent.

The harmonic resonance of the coupled systems studied
also exhibited a softening nonlinear behavior. Harmonic sys-
tem resonances with tank motions greater than 0.005 diam
had resonance peaks 5-10% below their linear values. For
tank motion amplitudes greater than 0.01 diam, however, the
harmonic response of the coupled system exhibited some of
the multiply stable and nonplanar motions previously ob-
served in the uncoupled fluid slosh. Ordinary planar reso-
nance, PMNR, and HNR were observed at all the 1 g Bond
numbers studied. In a coupled system undergoing PMNR, the
spacecraft motion x as well as the slosh motion are periodi-
cally modulated. Jump and hysteresis, which likewise included
both the spacecraft and the slosh motion, were also observed.

The types of resonances observed in the experimental
coupled fluid-spacecraft resonances were not limited, however,
to those previously observed in the nonlinear uncoupled fluid
resonance. At least three additional stable resonant nonlinear
coupled responses were also observed: a secondary planar
resonance, a skewed nonplanar motion, and a completely
unsymmetrical periodically modulated fluid-spacecraft mo-
tion. That these three types of motion are absent in the
nonlinear uncoupled response of the fluid underscores the fact
that the behavior of a coupled system composed of a linear
subsystem and a nonlinear subsystem is not necessarily pre-
dicted by the behavior of the nonlinear subsystem alone.
Furthermore, it appears likely that these types of behavior are
strongly linked to the internal resonance with the secondary
fluid modes. The number of internal resonances in the coupled
system are eight and occur at all fluid depths, while in the
uncoupled fluid motion there are only two, which occur only
at shallow fluid depths. This may explain, in part, the extraor-
dinary complexity of the coupled nonlinear fluid-spacecraft
resonance.

Nonlinear coupled fluid-spacecraft behavior is more pro-
nounced when the linear coupled system eigenfrequencies (vl
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Fig. 4 Normalized free decay response in the spacecraft degree of
freedom jc for the coupled system (Bo = 66, /i=0.16, v = 1.07,
C =9.5%, photoflo) at three values of initial impulse amplitude Eex.
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Fig. 5 Windowed ERA identifications for the largest of the free decays
of Fig. 4 (Eex = 0.060). Nonlinear theory from the planar analysis is
overplotted.

and v2) are closer together. In this condition, a given external
force applied to the spacecraft mode will more easily resonate
motion in the fluid. This always leads to a more nonlinear
coupled fluid-spacecraft response. A very important result
comes from this observation. The linear coupled system eigen-
frequencies are closest together when the frequency ratio v is
approximately 1 and the fluid mass ratio /* is arbitrarily small.
Therefore, coupled systems with lighter fluid mass fractions
are potentially more nonlinear than systems with heavy mass
fractions. Conversely, the mass fraction of fluid // must be
sufficiently large for the slosh force to affect the motion of the
spacecraft. There will therefore be a medium range of fluid
mass fractions, apparently between 0.10 and 0.20, for which
the motion of the spacecraft is most nonlinear. The analytical
model predicts this directly, and the experiment confirmed this
result.

Any nonlinear model of fluid-spacecraft motion must a
priori include the action of the secondary fluid modes in the
formulation of the fluid dynamic model. Single-mode, nonlin-
ear representations of the fluid (such as pendulum models) are
physically incomplete: they possess too few degrees of free-
dom to predict the coupled fluid-spacecraft motion accurately.
It should be especially noted that the nonlinear motion of a
pendulum and the uncoupled nonlinear fluid slosh, although
similar in response under some conditions, are driven by
fundamentally different nonlinearities. A pendulum has an
amplitude-dependent restoring spring force, while nonlinear
slosh is controlled primarily by an amplitude-dependent mass
convection effect involving higher-frequency modes.

Although the important nonlinear motions discussed above
are present at all Bond numbers, capillarity increases the
nonlinearity in the fluid-spacecraft system at lower Bond
numbers. These effects were observed in all three 1 g Bo levels

and were partially confirmed in the Og parabolic flight test
experiments. Two physical mechanisms contribute to the
effect of capillarity on the nonlinear coupled fluid-spacecraft
motion. The first, more direct effect is that of the nonlinear
capillary contribution to the fluid potential energy Uff in Eq.
(22). The second effect is an indirect effect through the action
of the secondary fluid modes on the nonlinear fluid-spacecraft
motion. Because the secondary fluid modes have shorter
wavelengths, their linear limit natural frequencies v3, v4, and
v5 are more sensitive to capillarity than the primary fluid
modal frequencies. Their frequencies are affected at Bond
numbers as high as 60-100, while the primary modes are not
affected for Bo much higher than 20. It is the resonance of
these secondary fluid modes that determines most of the
nonlinear fluid-spacecraft response. Therefore, the nonlinear
fluid-spacecraft dynamics are affected by capillarity for Bond
numbers at which the linearized fluid-spacecraft dynamics
would be unaffected. Furthermore, the number of internal
secondary modal resonances within the critical range of v
increases as Bo approaches zero. At a Bond number of 0, the
number of secondary fluid modal resonances present in the
critical range is so dense and are so intense that, for almost
any coupled fluid-spacecraft system near Bo = 0, the sec-
ondary modes must be considered first-order modes. At zero
gravity, the nonlinear coupled motion becomes even more
complicated than at moderate to high Bo. This analytically
predicted and very important effect has been observed in some
of the parabolic flight test data but can be confirmed only by
upcoming long-term zero-gravity experiments in orbit.

Quantitative Examples of the Coupled Fluid-Spacecraft Response
The general trends and conclusions discussed above are

illustrated here by specific experimental data and analytical
predictions. Again, impulsive free decay data are presented
and discussed before the resonance data.

Figures 4 and 5 show typical experimental nonlinear free
decay measurement of the spacecraft degree of freedom x(t)
for the system (Bo = 66, \JL = 0.15, v = 1.07, photoflo). In Fig.
4, the response to three values of He;c(0.062, 0.043, and 0.013)
have been normalized by Eex and overplotted. The initial
conditions, x(Q)/d, are proportional to the Eex, so the normal-
ized measurements overlay at t = 0. For t > 0, however, the
responses x(t) do not overlay. The nonlinear effects of the
slosh change the natural period of oscillation in the response.
The fact that the phase in the response to a larger impulse lags
the response at a smaller impulse confirms the analytical
prediction (for this system) that the natural frequencies of the
coupled system decrease with increasing modal amplitude.

To measure the frequency shift during the free decay, the
linear identification algorithm, ERA (eigensystem realization
algorithm),29 was applied to incremental windows of data.
The ERA data windows were four to five oscillation periods
long, while the increment between windows was very small.
The identified modal frequencies represented average natural
vibration frequencies during the data window. Because the
average amplitude decreases during successive ERA data win-
dows, the ERA-averaged modal frequency measurements
changed to reflect the effect of the nonlinearity on the vibra-
tion frequencies. The nonlinear frequency shift due to ampli-
tude of the coupled motion was consistently measured by this
method, and qualitative trends could be identified.

Figure 5 presents the windowed ERA identification of the
largest initial condition free decay presented in Fig. 4. The
nonlinear theory predicted by the planar analytical model is
also plotted. The extent of the nonlinear frequency shift is
averaged by the ERA data window, and therefore the ERA
identified eigenfrequency shift is consistently less than that
predicted by the analytical model.

Figure 6 presents the windowed ERA experimental results
and the analytical predictions for the same system (// = 0.16,
v = 1.09) at each of the four Bond numbers studied and for an
initial impulse Eex = 0.043. The response at Bo = 33 is partic-
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Fig. 6 Windowed ERA results and analytical predictions for the
system (/i =0.16, v = 1.09) at each of the four Bond numbers studied
and for Eex = 0.43 (Bo = 0 results are parabolic flight test 0 g experi-
mental data).
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Fig. 7 Resonance of the spacecraft degree of freedom A for the system
(Bo = 66, n =0.16, v=0.90, photoflo) at \Eex\ = 0.0010, 0.0018,
0.0032, 0.0056, and 0.0100. Theoretical position of the resonance peaks
for planar motion are also plotted.

ularly interesting. The analysis predicts very large nonlinear
frequency shifts at this Bo due to the resonance between the
first fluid-spacecraft eigenmode and one secondary fluid
mode. Under this condition, the analytical model should treat
the secondary fluid mode as the same order as the primary
fluid mode. The saturation phenomenon observed experimen-
tally for this system was observed for all the experimental
systems that were close to a particular internal resonance.

The coupled harmonic resonance data reflect many of the
same trends observed in the impulse response data. Figure 7
overplots the amplitude of the spacecraft response x/d against
excitation frequency a>l^/k/m for each of the five values of
\Eex\ applied. The range of harmonic resonance ampli-
tudes studied experimentally (0.001 < \Eex\ < 0.010) extended
from an apparently linear response (|Sex| < 0.002), through a
region for which the nonlinear, restricted planar analysis
applied (0.002 < \Eex\ < 0.006), and into a region of large
nonplanar, multivalued nonlinearity (\Eex > 0.006). The non-
linear backbone curves from the planar nonlinear analysis for
each of the two fluid-spacecraft eigenmodes are also plotted.
The analytical prediction follows the location of the resonance
peaks up to the onset of the nonplanar motion. For this
particular coupled system (Bo = 66, // = 0.16, v = 0.90, pho-
toflo), nonplanar fluid motion occurred at each of the two
higher-amplitude plots.

Figure 8 plots the amplitudes and the phases of the space-
craft response x and each of the measured reaction slosh
forces Fxs (planar) and Fys (nonplanar) at the largest of these
resonances. The resonance diagram at this excitation ampli-
tude is very complex: five distinct types of fluid-spacecraft
motion were identified for this system. A sixth type was
observed in several other systems. Note that this contrasts
with the motion of the fluid alone, which exhibits only three
types of nonlinear motion.

The six types of resonance motions observed in the coupled
system are distinguished by the motion of the free surface
vibration node line, as diagrammed in Fig. 9. Type 1, planar
I motion, is identical to the ordinary planar motion observed
in the nonlinear uncoupled slosh resonance. The node line
remains stationary but perpendicular to the direction of tank
motion. At excitation frequencies above the planar I region,
planar II develops. This motion is identical to planar I, except
that it is much larger (r\ « a). The jump to this motion is
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Fig. 8 Resonance response of the system (Bo == 66, fi = 0.16, v = 0.90,
photoflo) at \Eex | = 0.010.

distinct and involves the spacecraft motion x as well as the
fluid motion. Planar II is unique in the coupled response.
Type 3, skew nonplanar motion, is also unique in the coupled
system response. In this motion, which occurs just above
planar II, the node line is stationary but not perpendicular to
the direction of the tank. The force measurements Fxs and Fys
are both nonzero and are approximately in-phase. Above the
skew nonplanar region, PMNR develops just as in the uncou-
pled fluid resonance. Above PMNR, HNR also develops. It is
important to realize that, although PMNR and HNR are
similar in the fluid motion as in the uncoupled resonance, the
spacecraft motion x also is periodically modulated in PMNR
and experiences the same jump phenomena as the fluid in
HNR. The sixth type of motion is unique to the coupled
system. This motion, designated APMNR for asymmetric
PMNR, is an unsymmetric motion of the free surface that has
no simple node line. The motion is multiply harmonic, just as
in PMNR, and undoubtably is a unique product of the
coupled interaction of the fluid and spacecraft motions.
APMNR was not observed in the system presented in Fig. 8
but was observed for other systems. At frequencies above the
APMNR region, the motion of the fluid transitions back to
the planar I motion, and the system response is harmonic.
These unusual and unexpected resonance motions were ob-
served in all of the 1 g Bond number test conditions.

node line
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Node line stationary and perpendicular
to direction of tank motion

node line

cos(cot H

2. Planar II

Node line stationary and perpendicular
to direction of tank motion.

Motion amplitude much larger than for
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Node line stationary but skewed
at a constant angle from the
direction of tank motion. Response
is harmonic.

node line 4. Periodically Modulated,
Nonplanar Resonance
(PMNR)
Node line rotates at multiple harmonics
of the excitation.

Tank motion also modulated
»QJ + cos(®2i + Q2) + ...

node line 5. Harmonic Nonplanar
Resonance
(HNR)
Node line rotates at excitation
frequency

6. Asymmetric PMNR
(APMNR)
Has no simple analogy in motion of
the free surface. This motion is a
very complex modulated nonlinear
response.

Fig. 9 Types of nonlinear fluid motion observed in the large-amplitude
resonance of the coupled systems.

Conclusions
The nonlinear coupled motion of a simple fluid- spacecraft

system has been studied both experimentally and analytically.
An approximate, analytical fluid-spacecraft model was derived
that expressed the fluid motion as a superposition of the linear
slosh eigenmodes. The nonlinear kinematic problem for the
fluid was solved in an extension of the earlier work of Miles12

to include a low-gravity equilibrium interface. The coupled
Lagrangian was formulated using this approximate kinematic
description. Nonlinear capillary forces were included through
the nonlinear potential energy of the free surface, in a method
similar to that of Limarchenko.18 For the first time, vibratory
motion of the spacecraft was included in the coupled system
Lagrangian. In addition, the coupled system equations of
motion were found and approximately solved for the special
case of restricted planar motion of the fluid.

The experiment systematically studied the parametric depen-
dence of the nonlinear coupled fluid-spacecraft system dynam-
ics. A unique experimental device was developed in which a
subscale model tank was coupled to the motion of a simulated,
linear spacecraft mode. Both planar and nonplanar reaction
slosh forces were measured. The effects of system mass ratio,
frequency ratio, and Bond number were all studied both in 1
and Og during parabolic flight tests on the NASA KC-135
Reduced Gravity Test Facility.

The results of this research have important implications for
the modeling of more complicated systems. It should not be
assumed that a linear model of the fluid or even a nonlinear
uncoupled model of the fluid will lead to an accurate analytical
model if the fluid slosh and spacecraft motions are closely
coupled. Higher fluid modes are central to the nonlinear
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coupled fluid-spacecraft motion and must always be retained.
This means a nonlinear uncoupled pendulum model of the
slosh will misrepresent the slosh motion if coupled to a
spacecraft model. Furthermore, capillarity should be included
for Bond numbers as high as 60-100 because of its effect on
the natural frequency of the higher fluid modes. The natural
frequency and the type of resonance response of the coupled
nonlinear motion will depend on the amplitude of the coupled
motion in a way that can be predicted only by a nonlinear
coupled model.

The results of this research also have direct application in
the design of spacecraft attitude control systems. In particu-
lar, a small nonlinear difference in the fluid-spacecraft re-
sponse could be interpreted as an uncertainty in the linear
control system design model. If, for instance, the nonlinear
model predicted an eigenfrequency shift of 10% over the
expected range of disturbances, then the attitude control
system should be designed to tolerate such an uncertainty in
the plant model. Of course, if the model predicted that the
fluid-spacecraft motion bifurcates, leading, for instance, to
transverse fluid motion, then the stability and performance of
the linear control algorithm would be in serious doubt.
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